Nearly-logarithmic decay is identified in the data for the mean-squared displacement of the colloidal hardsphere system at the liquid-glass transition [v. Megen et. al, Phys. Rev. E 58, 6073 (1998)]. The solutions of mode-coupling theory for the microscopic equations of motion fit the experimental data well. Based on these equations, the nearly-logarithmic decay is explained as the equivalent of a β-peak phenomenon, a manifestation of the critical relaxation when the coupling between of the probe variable and the density fluctuations is strong. In an asymptotic expansion, a Cole-Cole formula including corrections is derived from the microscopic equations of motion, which describes the experimental data for three decades in time. PACS numbers: 64.70.Pf, 61.20.Lc, 82.70.Dd The transition of a fluid to a glass is accompanied by a dramatic slowing down of the dynamics as the system approaches the transition point [1] . The correlation function for some variable A, φ A (t) = A * (t)A / |A| 2 , with <> denoting canonical averaging, decays rapidly typically within a time increase by a factor of 10 in the normal fluid regime, while it stretches over orders of magnitude in time close to a glass transition. Simultaneously nontrivial dynamical features like power law decay and unconventional scaling are observed. The characterization and explanation of these signatures of the glass transition present challenges to experiment, computer simulation and theory alike. One such feature is the nearly-logarithmic decay of the correlation function which was discovered recently in the orientational correlation function by optical-Kerr-effect (OKE) measurements in molecular liquids [2] . The response function measured in these experiments is proportional to the negative time derivative of the correlation function, so a measured nearly-t −1 decay is equivalent to a nearly-logarithmic relaxation in φ A (t). In a subsequent fit it was shown that the data can be welldescribed by a schematic model within the mode-coupling theory for ideal glass transitions (MCT) [3] . The nearly-logarithmic decay could be interpreted as a β-peak phenomenon of the shorttime critical relaxation when rotation-translation coupling is sufficiently large. Different from earlier suggestions, the presence of higher-order glass transitions, like in systems with very short-ranged attractions [4] , could be ruled out as a cause for the nearly-logarithmic decay in molecular systems.
The transition of a fluid to a glass is accompanied by a dramatic slowing down of the dynamics as the system approaches the transition point [1] . The correlation function for some variable A, φ A (t) = A * (t)A / |A| 2 , with <> denoting canonical averaging, decays rapidly typically within a time increase by a factor of 10 in the normal fluid regime, while it stretches over orders of magnitude in time close to a glass transition. Simultaneously nontrivial dynamical features like power law decay and unconventional scaling are observed. The characterization and explanation of these signatures of the glass transition present challenges to experiment, computer simulation and theory alike. One such feature is the nearly-logarithmic decay of the correlation function which was discovered recently in the orientational correlation function by optical-Kerr-effect (OKE) measurements in molecular liquids [2] . The response function measured in these experiments is proportional to the negative time derivative of the correlation function, so a measured nearly-t −1 decay is equivalent to a nearly-logarithmic relaxation in φ A (t). In a subsequent fit it was shown that the data can be welldescribed by a schematic model within the mode-coupling theory for ideal glass transitions (MCT) [3] . The nearly-logarithmic decay could be interpreted as a β-peak phenomenon of the shorttime critical relaxation when rotation-translation coupling is sufficiently large. Different from earlier suggestions, the presence of higher-order glass transitions, like in systems with very short-ranged attractions [4] , could be ruled out as a cause for the nearly-logarithmic decay in molecular systems.
Schematic models are truncated versions of the full equations of motion of MCT that share the mathematical structure and universal properties of the latter but do not contain microscopic details [5] . Schematic models involve fit parameters in the equations of motion for the correlation functions, what limits the interpretation of fits like in Ref. [3] with respect to the microscopic origin of the observed features -like the nearly-logarithmic decay -that go beyond universal predictions. In the full microscopic equations, these parameters are completely determined by the number density ρ = N/V for a system of N particles in a volume V , and the static structure factor S q which is given by the interaction potential [5, 6, 7] . In the following, a system of hard spheres of diameter d shall be discussed, where the only external control parameter is the packing fraction ϕ = πρd 3 /6. Predictions for the hardsphere system (HSS) can be tested in colloidal suspensions, and the results for collective density fluctuations are reviewed in [8] , demonstrating the universal laws of MCT and verifying certain characteristic parameters of the theory. The tagged particle dynamics has been analyzed recently in a computersimulation study showing good agreement with MCT [9] .
A particularly informative quantity to be studied in a system that shows structural relaxation is the mean-squared displacement (MSD), which is defined by δr 2 (t) = | r(t) − r(0)| 2 with r(t) denoting the position of a particle at time t. The MSD is studied frequently in computer simulation and was measured for nine decades in time in a colloidal suspension [10] . In this paper, the MSD will be calculated for the HSS within MCT in order to show, that for a state near the glass transition there is a window of two decades in time of nearlylogarithmic relaxation. This will be done by identifying a t −1 decay of the derivative of the MSD in complete analogy to the procedure used for the analysis of the corresponding result for the OKE data [2] . Second, by asymptotic solution of the MCT equations, a modified Cole-Cole law will be derived for the description of the critical decay of the MSD. This analytical formula explains the nearly-logarithmic regime and accounts for the critical decay for three decades in time. Third, it will be shown that the MCT solutions at the critical point describe the experimental result in [10] for five orders of magnitude in time. Fourth, the full range of available experimental data for the MSD is described reasonably by the numerical solutions of the MCT equations going beyond the universal laws. Thus nearly-logarithmic decay laws known from molecular systems as β-peak phenomenon are established in a colloidal system. Slow dynamics within MCT originates from a singularity in the long-time behavior of the collective density fluctuations [7] . Other variables share that behavior if they are coupled to the density fluctuations. While the coupling to rotational motion was modeled by an empirical parameter in [3] , the MSD for a colloidal system is given be a microscopic equation of motion by [11] , with the short-time diffusion coefficient D s 0 . The memory kernel m (0) (t) is determined by the static structure of the liquid and collective and single density correlation functions. The structure factor is calculated using the Percus-Yevick approximation (PYA) [6] , details of the numerical solution are outlined elsewhere [11] . For ϕ below the critical point ϕ c = 0.5159, the long-time solution of Eq. (1a) is diffusive, δr 2 (t) = 6D s t, with a long-time diffusion coefficient D s depending on the distance from the critical point. For ϕ ϕ c , the long-time solution is arrested at a plateau δr 2 (t) = 6r 2 s , with a localization length r s . The derivative of the MSD can be interpreted as a time-dependent diffusion coefficient,
, that goes to zero as the glass transition is approached [12] . D(t) calculated from Eq. (1a) is plotted for ϕ = 0.5145 and ϕ = ϕ c as full lines in Fig. 1 . The dynamics when approaching the critical point shares more and more of the relaxation at ϕ c as seen for ϕ = 0.5145 for log 10 t < 1. This portion of the dynamics is therefore referred to as critical relaxation. For times exceeding the critical relaxation, the dynamics crosses over to the long-time diffusion as seen for ϕ = 0.5145 around log 10 t ≈ 2. The most significant finding in connection with Fig. 1 is the appearance of a window in time after the transient where the dynamics follows closely a t −1 law for 0 log 10 t 2. A comparison of the solution for ϕ = 0.5145 with the critical decay shows that the major fraction of the t −1 decay is part of the critical relaxation. This decay reflects the same behavior as found in molecular liquids, moreover, the decay observed in Fig. 1 is closer to t −1 than for most of the OKE data where t −x is seen with x ranging from 0.8 to 1.15 [2, 3] . The long-time decay at the critical point is a t −a -law with a=0.312 for the HSS. This law is shown as dotted straight line of slope −(1 + a). It accounts for the critical decay only for log 10 t 3, is preceeded by the t −1 decay, and has no relevance for ϕ = 0.5145.
The nearly-logarithmic decay is found adjacent to the transient for the Brownian colloidal system as for the Newtonian molecular systems [3] . For the HSS also Newtonian dynamics can be considered and the equivalent of Eq. (1a) reads [13] ,
with the thermal velocity v 2 s for a tagged particle. Figure 2 shows the solution for the MSD for Newtonian and Brownian dynamics for ϕ = ϕ c . Both solutions can be matched at long times and they overlap down to δr 2 (t) ≈ 0.01 defining the beginning of the regime for structural relaxation at log 10 t ≈ 0 [13] . The nearly-logarithmic decay is shown as nearly-linear increase of the MSD with logt outside the transient within the same time interval as marked by the dashed line in Fig 1. To further analyze the window of nearly-logarithmic relaxation and in an attempt to distinguish it from a further approximation to a power law with very small exponent like in [14] , asymptotic expansions shall be applied. At the critical point, the MSD can be expanded in power laws and reads [11] ,
where the first two terms on the RHS constitute the leadingorder result. The values for the HSS are r c s = 0.0746, h MSD = 0.0116, K MSD = −1.23, t 0 = 0.425, λ = 0.735. Leading and next-to-leading order result of Eq. (2) are shown dotted and dashed in Fig. 2 and describe the full solutions only for t 1000 and t 100, respectively. As will be shown below, the leading order fails to apply in the experimentally relevant window, while including the correction still does not explain more than one decade of structural relaxation.
In the following, a new asymptotic solution is derived which is based on the expansion of the memory kernel. For long times, the equations of motion for the MSD are the same for both Newtonian and Brownian dynamics [5, 13] , and can be represented with the modified Laplace transform
An asymptotic expansion for the memory kernel equivalent to the one in Eq. (2) is given by m (0) (t) = f c 
where
Hence, Eq. (3) reads up to next-to-leading order
and the characteristic frequency is given by ω β = (4) is superior to the leading-order result of Eq. (2) as seen in Fig. 2 , where already the leading order of Eq. (4) describes qualitatively the complete relaxation. Including the correction explains the complete window of structural relaxation as seen by the diamond marking a 10% deviation of the approximation by Eq. (4) from the solution of Eq. (1a). A comparison in Fig. 1 shows that Eq. (4) also covers the complete regime of nearly-logarithmic decay. For ϕ = 0.5145, D(t) in Fig. 1 and the MSD in Fig. 2 is described by Eq. (4) for log 10 t 3. The crossover from the critical decay to the long-time diffusion yields an extended window in time where lnt fits the solution. Figure 3 shows the data from [10] in units of the particle radius R = d/2 and the Brownian time scale τ b = R 2 /(6D s 0 ) together with the solutions of Eq. (1a) for different values of ϕ. The agreement is rather satisfactory considering that all coupling parameters are fixed microscopically. Three adjustments need to be made to match experimental and theoretical curves. First, the short-time diffusion coefficient sets an overall time scale that needs to be accounted for. The theoretical solutions are matched to the data for log 10 t −1. As the experimental curves do not fall on top of each other in that regime, the chosen time scale also needs to vary by a factor up to 2. Second, with ϕ c ≈ 0.58 [10, 16] , the experimental glass transition in the HSS is found at approximately 12% higher packing fraction than predicted in Refs. [7, 11] . This discrepancy could be reduced to below 10% by using the actual structure factor rather than the PYA in a computer simulation [17] , but a remaining error from the mode-coupling approximation has to be accepted. This is similar to other approaches fitting the data [18] . Therefore, theoretical values for ϕ are mapped on experimental ones by comparing the diffusivity in experiment and theory. The result of this procedure is shown in the inset of Fig. 3 by circles. The mapping is fitted by ϕ theo = 0.87 ϕ exp + 0.023, which is remarkably similar to what was found from a computer simulation of the HSS [9] , and extrapolates to a critical density ϕ c ≈ 0.57. The highest values of ϕ do not follow that linear mapping due to ageing for log 10 t/τ b 4 [10, 16] . The dynamics before ageing sets in, and hence the regime for nearly-logarithmic relaxation, is not affected significantly by ageing [16] . Third, as the actual transition takes place at a higher packing fraction than theory predicts, a smaller localization length and hence a vertical shift of the curves by a prefactor a y -shown by crosses in the inset of Fig. 3 -can be expected. Surprisingly, many curves are described well using a y = 1. The variation of a y yields an error estimate for the localization length of around 20% for the localization length as compared to the theoretical results.
If only data close to the glass transition is considered, the data show indeed a smaller localization length than predicted. After these adjustments, Eq. (1a) fits the data for different packing fractions over the entire experimental range of up to nine orders of magnitude in time.
The curve ϕ exp = 0.583 is fitted by ϕ theo = 0.5146, and in addition, the critical relaxation for ϕ theo = ϕ c is matched with the same prefactors and shown dotted. The data follow closely the critical relaxation for t/τ b 2000. The two theoretical curves correspond to the ones shown in Figs. 1 and 2 , thus establishing the existence of a window of nearly-logarithmic relaxation in the experimental data.
In conclusion, it is shown in Fig. 3 that mode-coupling theory (MCT) is able to describe the mean-squared displacement (MSD) in a colloidal hard-sphere system (HSS) [10] rather accurately. This implies consistency with both universal laws of MCT and non-universal MCT predictions for the HSS. Outside the transient, the data exhibit a window of two orders of magnitude in time where the relaxation resembles nearlylogarithmic decay or a β-peak phenomenon, cf. Fig. 1 . The latter is found independent of the underlying Brownian dynamics also for Newtonian dynamics, cf. Fig. 2 , and is distinguished from an accidental crossover by an asymptotic expansion relating it to a β-peak, cf. Eq. (4). Such a dynamical feature was discovered in molecular systems [2] and interpreted as a consequence of strong translation-rotation coupling [3] . In addition, similar nearly-logarithmic decays were also observed in nematic liquid crystals [19] . For the hard-sphere system (HSS), while clearly lacking rotational degrees of freedom, the MSD constitutes another variable that is coupled strongly to the density fluctuations if the tagged particle is sufficiently large. It can be inferred from Ref. [11] that m (0) (t) in Eq. (1) becomes smaller when the size of the tagged particle is chosen smaller than the particles in the host fluid. A larger particle in turn experiences a stronger coupling of its MSD to the collective dynamics. Hence, the counterintuitive finding in [3] , that the dynamics of a coupled variable can deviate further from the underlying collective dynamics as the coupling is increased, also applies to the MSD of the HSS for increasing the diameter of the particle for which the MSD is measured. The empirical nearly-logarithmic law is part of the critical relaxation and does not change slope when observed sufficiently close to the transition point. This is in clear contrast to the logarithmic laws in the vicinity of higher-order glass-transition singularities [4] and can be used to distinguish both relaxation features. Hydrodynamic interactions present in colloidal suspensions are not included in Eq. (1) but are known to change the short-time dynamics in MCT [20] . The quality of the data fit and the validity of the nearly-logarithmic law are therefore surprising and rule out a significant contribution of hydrodynamic interactions on the dynamics of the MSD within MCT as shown in Fig. 3 , which is in contrast to other approaches [14, 18] . This can be rationalized by the strong coupling of the MSD to the collective dynamics causing the MSD for a larger particle to be slower than for a smaller particle [11] . For the slowest collective relaxations only small deviations by hydrodynamic interactions have been found [20] , a result that apparently seems to apply also to the slow coupled variable MSD.
Equation (4) improves the understanding of glassy dynamics in three aspects. First, it comprises a Cole-Cole that is derived rigorously from a microscopic equations of motion and therefore provides a foundation for data interpretations as in Ref. [3] . Second, it closes a gap in the understanding of the MSD close to the glass transition [13] . Together with the results from Ref. [11] , MCT provides analytical descriptions of the dynamics in all subsequent windows in time up to small crossover regions: The initial ballistic or Brownian dynamics is followed by a critical relaxation described by Eq. (4), before a plateau 6r c 2 s is reached. After that plateau, the crossover to the long-time diffusion starts with a von Schweidler law t −b where b = 0.583 [11] . Third, precise meaning is given to the finding that strongly coupled variables do not necessarily show the same dynamics.
This work was stimulated by discussions with H.Z. Cummins, M. Fuchs and W. Götze, and supported by the DFG SFB 513 and the DFG Grant No. SP 714/3-1.
